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Abstract
Let D be a nite digraph, V (D) and A(D) will denote the sets of vertices and arcs of D
respectively. A kernel N of D is an independent set of vertices such that for every w2V (D)−N
there exists an arc from w to N . Let F be a set of arcs of D (i.e. F A(D)), a set S V (D)
is called a semikernel of D modulo F if S is an independent set of vertices such that for every
z 2V (D)− S for which there exists an Sz-arc of D− F , there also exists a zS-arc in D. In this
paper is introduced the concept of semikernel modulo F and it is used to obtain a new sucient
condition for the existence of kernels in digraphs. As a consequence is obtained a generalization
of the following result of B. Sands, N. Sauer and R. Woodrow; in case that the digraph is a
nite digraph: Let D be a digraph whose arcs are coloured with two colors. If D contains no
monochromatic innite outward path, then there exists a set S of vertices of D such that: No
two vertices of S are connected by a monochromatic directed path and for every vertex not in S
there is a monochromatic directed path from x to a vertex in S. c© 2000 Elsevier Science B.V.
All rights reserved.
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1. Introduction
For general concepts we refer the reader to [1]. In this paper D will denote a nite
digraph with possibly multiple arcs; V (D) and A(D) will denote the sets of vertices and
arcs of D respectively. Often we shall write u1u2 instead of (u1; u2). An arc u1u2 2A(D)
is called asymmetrical (resp. symmetrical) if u2u1 62 A(D) (resp. u2u1 2A(D)). The
asymmetrical part of D which is denoted Asym(D) is the spanning subdigraph of D
whose arcs are the asymmetrical arcs of D. We recall that a subdigraph D1 of D is
a spanning subdigraph if V (D1) = V (D). If S is a nonempty set of V (D) then the
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subdigraph D[S] induced by S is the digraph with vertex set S and whose arcs are
those arcs of D which join vertices of S.
A directed path is a nite sequence x1; x2; : : : ; xn of distinct vertices of D such that
(xi; xi+1)2A(D) for each 16i6n− 1. When D is innite and the sequence is innite
we call the directed path an innite outward path.
Let S1; S2 be subsets of V (D), a nite directed path x1; x2; : : : ; xn will be called an
S1; S2-directed path whenever x1 2 S1 and xn 2 S2 in particular when the directed path
is an arc.
Denition 1.1. A set I V (D) is independent if A(D[I ]) = ;. A kernel N of D is an
independent set of vertices such that for each z 2V (D)−N there exists a zN -arc in D.
A digraph D is called: (i) kernel-perfect digraph or KP-digraph when every induced
subdigraph of D has a kernel and (ii) critical-kernel-imperfect or CKI -digraph when
D has no kernel but every proper induced subdigraph of D has a kernel.
The concept of kernel was introduced by Von Neumann and Morgenstern [9] in
the context of Game Theory. They also proved that any nite acyclic digraph has an
unique kernel. The problem of the existence of a kernel in a given digraph has been
studied by several authors in particular by; Richardson [10,11], Duchet and Meyniel
[5], Duchet [3,4]. Galeana-Sanchez and Neumann-Lara [6]. This concept has found
applications for instance in cooperative n-person games, in Nim-type games [1], in
logic [2], etc. So the main problem is: Which structural properties of a digraph imply
the existence of a kernel. In this paper is introduced the concept of semikernel modulo
F(F A(D)) and it is used to obtain a new sucient condition for the existence of
kernels in digraphs.
Denition 1.2 (Newmann-Lara [8]). A semikernel S of D is an independent set of
vertices such that for every z 2V (D) − S for which there exists an Sz-arc there also
exists a zS-arc.
The concept of semikernel was introduced by Neumann-Lara in [8], there he also
proved the following result:
Theorem 1.1 (Neumann-Lara [8]). Let D be a digraph; if every induced subdigraph
of D has a nonempty semikernel then D has a kernel. (In fact D is a kernel-perfect
digraph.)
Denition 1.3. Let F be a set of arcs of a digraph D,(i.e. F A(D)), a set S V (D)
is called a semikernel of D modulo F if S is an independent set of vertices such that,
for every z 2V (D) − S for which there exists an Sz-arc of D − F there also exists a
zS-arc in D.
The concept of semikernel modulo F is a generalization of the concept of semikernel.
Notice that when F = ;, a semikernel of D modulo F is a semikernel of D.
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In this paper will be proved (in case that D is nite) a generalization of Theorem
1.1 and as a consequence a generalization is obtained (also in case D nite) of the
following results of Sands et al. [12].
Theorem 1.2 (Sands et al. [12]). Let D be a digraph whose arcs are coloured with
two colors. If D contains no monochromatic innite outward path; then there exists a
set S of vertices of D such that: No two vertices of S are connected by a monochro-
matic directed path and; for every vertex x not in S there is a monochromatic directed
path from x to a vertex in S.
In order to understand Theorem 1:2 in terminus of kernels we include the following
denitions:
We call the digraph D an m-coloured digraph if the arcs of D are coloured
with m colours. A directed path is called monochromatic if all of its arcs are
coloured alike.
Denition 1.4 (Galeana-Sanchez [7]). Let D be an m-coloured digraph. A set
N V (D) is said to be a kernel by monochromatic paths if it satises the following
two conditions:
(i) For every pair of dierent vertices u; v2N there is no monochromatic directed
path between them and
(ii) For every vertex x2V (D) − N there is a vertex y2N such that there is an
xy-monochromatic directed path.
Denition 1.5 (Galeana-Sanchez [7]). If D is an m-coloured digraph then the clousure
of D, denoted C(D) is the m-coloured digraph dened as follows:
V (C(D)) = V (D);
A(C(D)) = A(D)[ fuv with colour i j there exists an uv | monochromatic
directed path of colour i contained in Dg:
Note that for any digraph D;C(C(D) = C(D)) and D has a kernel by monochromatic
paths if and only if C(D) has a kernel.
In this terminus Theorem 1.2 asserts that if D is a 2-coloured digraph which contains
no monochromatic innite outward path then C(D) has a kernel (in fact C(D)) is a
kernel-perfect digraph).
Now it is clear that Theorem 1.2 is equivalent to the following assertion: Let D be
a digraph; D1 and D2 transitive subdigraphs of D such that D=D1 [D2: If D has no
innite outward path contained in Di; (i = 1; 2) then D has a kernel.
In case D nite Theorem 1.2 asserts the following:
Let D be a digraph, if there exists two transitive subdigraphs of D say D1 and D2
such that D = D1 [ D2 then D is a kernel-perfect digraph.
We recall that a digraph D is hansitive whenever (u; v)2A(D) and (v; w)2A(D)
implies (u; w)2A(D).
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Fig. 1.
Denition 1.6. A digraph D will be called asymmetrically transitive whenever
(u; v)2Asym(D) and (v; w)2Asym(D) implies (u; w)2Asym(D).
Clearly a transitive digraph is asymmetrically transitive.
If  is a class of digraphs, a digraph D is said to be a -free digraph whenever D
has no induced subdigraph isomorphic to a member of .
Finally, we will introduce some notation: Given a subdigraph D1 of D; for distinct
vertices x; y of D x i!y will mean that the arc (x; y)2A(Di) where i= 1; 2 and D2 =
D−A(D1); when we do not know if the arc is in D1 or in D2 we write symply x ! y.
The negation of x i! will be denoted x i9 y for i = 1; 2:
We will denote D1 the set fB1; B2; B3; B4; B5g where Bi(16i65) is the digraph of
Fig. 1.
2. Semikernels modulo F and kernels in digraphs.
Let D be a digraph. The main result of this section is Theorem 2.1 which relates the
existence of semikernels modulo F with the existence of kernels in a nite digraph.
To prove this result we use a method closely related to the one of Sands et al. [12].
Theorem 2.1. Let D be a digraph and D1 an asymmetrically transitive subdigraph
of D such that: Every induced subdigraph of D has a nonempty semikernel modulo
A(D1): If D is a D1 -free digraph then D is a kernel-perfect digraph.
Proof. Let  be the set of semikernels of D modulo A(D1):
It follows from the hypothesis of Theorem 2.1 that  is not empty.
Now we consider the following relation on the sets of :
Let S and S 0 elements of , we write S6S 0 if and only if for each s2 S there is
an s0 2 S 0 such that either s = s0 or s 1! s0 and s0 19 s. Notice that in particular S  S 0
implies S6S 0.
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It is easy to see that  is partially ordered by 6. Since D is nite we have S 2  a
maximal element for the relation 6.
We will prove that S is a kernel of D. Since S 2  we have that S is an independent
set, we only need to prove that S is absorbing.
By contradiction, suppose that S is not absorbing; and let X0=fx2V (D)g j there is no
xS − arc in Dg.
We have by the assumption that X0 6= ; and it follows from the hypothesis of
Theorem 2.1 that D[X0] has a nonempty semikernel modulo A(D1). Let N0 be a non-
empty semikernel of D[X0] modulo A(D1).
Denote by T = fx2 S j x 19 N0g:
We will prove that T [ N0 2 ; T [ N0>S and T [ N0 6= S contradicting the choice
of S.
(I) T [ N0 is independent.
Since T  S and S is independent (see Denition 1.3) we have that T is independent.
Since N0 is a semikernel of D[X0] modulo A(D1) it follows from Denition 1.3 and
the fact that D[X0] is an induced subdigraph, that N0 is independent.
So we only need to prove that there is no arc of D between T and N0.
(I:1) There is no arc from T to N0.
By contradiction suppose that there exists t 2T and n2N0 such that (t; n)2A(D).
If (t; n)2A(D1) we obtain a contradiction to the denition of T .
If (t; n)2A(D2)=A(D)−A(D1), we have t 2T  S and S 2 , hence the Denition 1.3
implies that there is an nS-arc in D, but n2N0X0 and this contradicts the denition
of X0.
(I:2) There is no arc from N0 to T .
This follows directly from the denition of X0 and the facts N0X0 and T  S.
(II) T [ N0 is a semikernel of D modulo A(D1). It follows from (I) and
Denition 1.3 that we only need to prove that, if there exists a (T [ N0)z-arc
in D − A(D1) then there exists a z(T [ N0)-arc.
We will proceed by contradiction:
Let us suppose that there exists a (T [ N0)z-arc in D− A(D1) and let (t; z) be such
an arc, and assume by contradiction that there is no z(T [ N0)-arc in D.
We will analyze the possible cases:
Case II.a: t 2T .
Since t 2T  S we have t 2 S and there exists a (t; z)-arc in D−A(D1); since S 2 ,
Denition 1.3 implies that there exists a zS-arc in D. Let (z; s) be such an arc.
Case IIa.1: s2T .
In this case we have a z(T [ N0)-arc contradicting our assumption.
Case IIa.2: s2 S − T .
In this case the denition of T implies that there exists x2N0 such that (s; x)2A(D1)
and we have the directed path (t; z; s; x). We will obtain some properties of this path.
(2:a:2:1) (z; t) 62 A(D).
If (z; t)2A(D), since t 2T we have a z(T [ N0)-arc contradicting our assumption.
(2:a:2:2) (x; s) 62 A(D).
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This follows directly from the denition of X0 and the facts x2X0; s2 S.
(2:a:2:3) (z; x) 62 A(D).
Since x2N0, if (z; x)2A(D) we have a z(T [ N0)-arc in D contradicting our as-
sumption.
(2:a:2:4) (s; t) 62 A(D) and (t; s) 62 A(D).
This follows directly from the following facts: s2 S; t 2T  S and S is an
independent set.
(2:a:2:5) (x; t) 62 A(D) and (t; x) 62 A(D).
We have x2N0; t 2T and from (I) we have T [ N0 is independent.
Now we consider the several possible cases:
Case II.a.2.1: (x; z) 62 A(D).
In this case we have the following: When (s; z)2A(D) it follows from (2:a:2:1);
(2:a:2:2); (2:a:2:3); (2:a:2:4) and (2:a:2:5) that D[ft; z; s; xg] = B4 contradicting our hy-
pothesis that D is D1 -free. When (s; z) 62 A(D) we have that (z; s)2Asym(D). Now we
will prove that (z; s)2A(D − A(D1)). If (z; s)2A(D1) we have that (z; s)2Asym(D1)
and from (2:a:2:2)(s; x)2Asym(D1), since D1 is asymmetrically transitive we have that
(z; x)2Asym(D1) which contradicts (2:a:2:3).
We conclude that (z; s)2A(D2) and hence it follows from (2:a:2:1) to (2:a:2:5) that
D[ft; z; s; xg] = B3 contradicting that D is D1 -free.
Case II.a.2.2: (x; z)2A(D2) = A(D − A(D1)).
In this case we consider the following: When (s; z)2A(D) it follows from (2:a:2:2);
(2:a:2:3) and the assumption of this case that D[fz; s; xg] = B2 contradicting that D
is D1 -free. When (s; z) 62 A(D) we have (z; s)2Asym(D) and then (z; s)2A(D2);
because if (z; s)2A(D1) we would have that (z; s)2Asym(D1) and (s; x)2Asym(D1)
and since D1 is asymmetrically transitive we have that (z; x)2Asym(D1) contradicting
(2:a:2:3). We conclude that (z; s)2A(D2). So we have from (2:a:2:2) and (2:a:2:3) that
D[fz; s; xg] = B1 contradicting again that D is D1 -free.
Case II.a.2.3: (x; z)2A(D1).
It follows from (2:a:2:3) that (x; z)2Asym(D). Hence (x; z)2Asym(D1); on the
other hand we have that from (2:a:2:2) that (s; x)2Asym(D1). Since D is asymmetri-
cally transitive we conclude that (s; z)2Asym(D1), so (z; s) 62 A(D1) i.e. (z; s)2A(D2)
and we conclude from (2:a:2:1) to (2:a:2:5) that D[ft; z; s; xg] = B5 contradicting again
that D is D1 -free.
Case II.b: t 2N0.
We consider the two possible cases:
Case II.b.1: t 2N0 and z 2X0.
Since N0 is a semikernel of D[X0] modulo A(D1) and (t; z)2A(D−A(D1)) it follows
from Denition 1.3 that there exists a zN0-arc in D. Hence there exists a z(T [N0)-arc
in D contradicting our assumption.
Case II.b.2: t 2N0 and z 2V (D)− X0.
It follows from the denition of X0 that there exists s2 S such that (z; s)2A(D).
When s2T we have a z(T [N0)-arc contradicting our assumption. So we can assume
s2 (S−T ): The denition of T implies that there exists x2N0 such that (s; x)2A(D1).
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We have the directed path (t; z; s; x); we will prove several properties of this path.
(2:b:2:1) (z; t) 62 A(D).
Since t 2N0, if (z; t)2A(D) we would have a z(T [ N0)-arc in D contradicting our
assumption.
(2:b:2:2) (x; s) 62 A(D)
Since x2N0X0 and s2 S it follows from the denition of X0 that (x; s) 62 A(D).
(2:b:2:3) (x; t) 62 A(D) and (t; x) 62 A(D):
This follows from the facts, fx; tgN0 and N0 is independent in D.
(2:b:2:4) (z; x) 62 A(D).
Since x2N0T [ N0 our assumption implies (z; x) 62 A(D):
(2:b:2:5) (t; s) 62 A(D):
Since t 2X0 and s2 S if follows from the denition of X0 that (t; s) 62 A(D).
(2:b:2:6) If (s; t)2A(D) then (s; t)2A(D1) (In fact it follows from (2:b:2:5) that
(s; t)2Asym(D1)). Suppose that (s; t)2A(D) and (s; t)2A(D−A(D1)) since s2 S and
S 2  it follows from Denition 1.3 that there exists a tS-arc; but t 2N0X0 and hence
there is no tS-arc.
Now we consider several possible cases:
Case II.b.2.1: (s; t)2A(D).
It follows from (2:b:2:6) that (s; t)2A(D1) and from (2:b:2:5)(s; t)2Asym(D1). When
(s; z)2A(D) we have from (2:b:2:1); (2:b:2:2); (2:b:2:3), (2:b:2:4); (2:b:2:5) and (2:b:2:6)
that D[fs; t; zg] = B2 a contradiction. When (s; z) 62 A(D) we have (z; s)2Asym(D) and
in this case (z; s)2A(D−A(D1)), because if (z; s)2A(D1) we have from the hypothesis
of this case, (2:b:2:6) and (2:b:2:5) that (s; t)2Asym(D1) and (z; s)2Asym(D1) and
since D1 is asymmetrically transitive we have (z; t)2Asym(D1) and so there exists
z(T [ N0)-arc contradicting our assumption. We conclude that (z; s)2A(D − A(D1)).
Hence it follows from (2:b:2:1) that D[fs; t; xg] = B2, a contradiction.
Case II.b.2.2: (s; t) 62 A(D).
Here we need consider several possible cases:
Case II.b.2.2.1: (x; z) 62 A(D).
When (s; z)2A(D) we have from our assumptions and (2:b:2:1) to (2:b:2:6) that
D[ft; z; s; xg] = B4 a contradiction. When (s; z) 62 A(D) we have that (s; z)2A(D2)
because if (s; z)2A(D1) we would have (z; s)2Asym(D1) and (s; x)2Asym(D1) and
since D1 is asymmetrically transitive it follows that (z; x)2Asym(D1) contradicting
(2:b:2:4); we conclude that when (s; z) 62 A(D) we have (z; s)2A(D2) and hence
D[ft; z; s; xg] = B3, a contradiction.
Case II.b.2.2.2: (x; z)2A(D1).
It follows from (2:b:2:4) that (x; z) 2 Asym(D1) and (2:b:2:2) implies (s; x)2
Asym(D1). Since (D1) is asymmetrically transitive we have that (s; z)2Asym(D1) so
(z; s) 62 A(D1) and (z; s)2A(D2) and (2:b:2:1) to (2:b:2:6) imply D[ft; z; s; xg] = B5;
a contradiction.
Case II.b.2.2.3: (x; z)2A(D − A(D1)) = A(D2).
When (s; z)2A(D) we have from (2:b:2:2); (2:b:2:4) and our assumptions that
D[fx; z; sg] = B2, a contradiction.
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When (s; z) 62 A(D) we have that (z; s)2A(D2) because if (z; s)2A(D1) we have
(z; s)2Asym(D1). Hence (z; s)2Asym(D1) and (s; x)2Asym(D1) and since D1 is
asymmetrically transitive it follows that (z; x)2Asym(D1) contradicting (2:b:2:4). We
conclude that if (x; z)2A(D2) and (s; z) 62 A(D) then (z; s)2A(D2). So we have
D[fs; x; zg] = B1 a contradiction.
(3) S6T [ N0.
Let s2 S if s2T then there exists s0 = s2T [ N0 such that s = s0. If s 62 T then
s2 S − T and the denition of T implies that there exists x2N0 such that s 1! x and
since s2 S; x2N0X0, it follows from the denition of X0 that x 19 s:
(4) S 6= T [ N0.
The denition of N0 implies N0 6= ; and N0 \ S = ; hence there exists n2N0 such
that n 62 S:
We conclude from (1){(4) that T [ N0 2  and T [ N0>S; T [ N0 6= S which
contradicts our choice of .
Hence D has a kernel.
We have proved that D has a kernel. Since any induced subdigraph of D satises
the hypothesis of Theorem 2.1, we conclude that any induced subdigraph of D has a
kernel i.e. D is a kernel-perfect digraph, and Theorem 2.1 is proved.
Remark 2.1. The hypothesis D is D1 -free in Theorem 2.1 is tight.
Figure i + 1 shows a digraph Di; 16i65 such that (Figs. 2{6):
(i) Di contains Bi as an induced subdigraph.
(ii) Di contains no Bj for j 6= i as an induced subdigraph.
(iii) D1 is asymmetrically transitive.
(iv) Every induced subdigraph of Di has a nonempty semikernel modulo A(D1).
(v) Di has no kernel.
Remark 2.2. Theorem 1.1 is a direct consequence of Theorem 2.1. We obtain Theorem
1.1 from Theorem 2.1 taking A(D1) = ;.
Corollary 2.1 (Sands et al. [12]). Let D be a digraph; if there exists two transitive
subdigraphs of D;D1 and D2 such that D = D1 [ D2 then D is a kernel-perfect
digraph.
Fig. 2. Fig. 3.
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Fig. 4. Fig. 5.
Fig. 6.
Proof. (1) D1 is asymmetrically transitive.
It follows directly from the fact D1 is transitive.
(2) For each induced subdigraph H of D, there exists a vertex h2V (H) such that
every (h; z)-arc in A(H)\A(D2) is symmetrical. And hence fhg is a nonempty semik-
ernel of H modulo A(D1).
By contradiction, suppose there is an induced subdigraph H of D with no vertex
with the property enounced in (2).
Let h0 any vertex of H , it follows from our assumption that there exists a vertex
h1 2V (H) such that (h0; h1)2A(H)\A(D2)\Asym(D), again for our assumption there
exists h2 2V (H) such that (h1; h2)2A(H)\A(D2)\Asym(D). Continuing in that way
and since D is nite we obtain a derected cycle  with A()A(H)\A(D2)\Asym(D)
which is impossible because D2 is transitive.
(3) D is D1 -free.
This follows directly from the fact Di is transitive (i = 1; 2):
We conclude from (1){(3) and Theorem 2.1 that D is kernel-perfect.
In a similar way, the following consequence can be proved.
Corollary 2.2. Let D be a digraph and H a subdigraph of D such that Asym(D)H .
If H = D1 [ D2; where Di is transitive for i = 1; 2. and D is f2; 4g-free then D is
kernel-perfect.
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Fig. 7. Fig. 8.
Fig. 9. Fig. 10.
We denote by B02 (resp. B
0
4) the digraph of Fig. 7 (resp. the digraph of Fig. 8).
Corollary 2.3. Let D be a fB02; B04g-free digraph. If Asym(D) is a bipartite digraph
then D is a kernel-perfect digraph.
Proof. Let (V1; V2) the bipartition of Asym(D); denote by D1 the subdigraph of D such
that V (D1)=V (D) and A(D1)= f(x; y)=x2V1; y2V2 and (x; y)2Asym(D)g. And de-
note by D2 the subdigraph of D such that V (D2)=V (D) and A(D2)=f(x; y)=x2V2; y2V,
and (x; y)2Asym(D)g. Clearly Asym(D) = D1 [ D2 and each Di is transitive.
It follows from our hypothesis that D is fB2; B4g-free digraph. Hence we have from
Corollary 2.1 that D is kernel-perfect.
Remark 2.3. Fig. 9. (resp. Fig. 10) shows a digraph D such that D is fB04g-free (resp.
fB02g-free), D contains an induced subdigraph isomorphic to B02 (resp. B04), Asym(D)
is bipartite but D is not kernel-perfect.
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